We perform the detailed analysis of the primordial black hole (PBH) formation mechanism in an axionlike curvaton model with a coupling to inflaton. The phase direction of the complex scalar works as a curvaton and produces enough amount of PBHs to explain the black hole binaries (∼ 30M ) observed in LIGO-Virgo collaboration or PBHs as dark matter (DM) (∼ 10 −12 M ). We examine whether our model satisfies the current constraints on the PBH mass spectrum, the curvature perturbation and the secondarily produced gravitational waves. We also take into account ambiguity about the choice of the window functions and effect of the non-Gaussianity.
I. INTRODUCTION
Since the first gravitational wave (GW) event was discovered in 2015, several binary black hole merger events have been observed by LIGO-Virgo collaboration [1] [2] [3] [4] [5] [6] . Many of these black holes (BHs) have masses around 30M (= 60 × 10 30 kg). It is in dispute how such heavy black hole binaries are formed by stellar evolution, and some authors suggest BH formation from the first Population III stars [7] . Primordial black holes (PBHs) are another promising candidate for the origin of the binary BH mergers [8] [9] [10] [11] [12] . PBHs are produced by gravitational collapse of overdense regions in the radiation-dominated era or the early matter-dominated era [13] [14] [15] .
PBHs are also interesting as a dark matter (DM) candidate. The microlensing observations give stringent constraints on the DM PBH mass and in particular, the observation with Subaru Hyper Supreme-Cam (HSC) almost closed the DM mass window [16] [17] [18] [19] . However, recently it has been found that the so-called "wave effect" 1 weakens the lensing effect and PBHs with mass 10 −13 -10 −10 M can still account for all DM of the universe. Since extensive researches put the severe constraints on the mass distribution of PBHs (see Fig.3 ,4,5 ), a PBH production mechanism should give a peak-like mass distribution to explain the LIGO events or DM successfully. PBH production also requires the large amplitude of density perturbations in the small scales, 10 −5 Mpc for LIGO PBHs and 10 −12 Mpc for DM PBHs. Since observations of the cosmic microwave background (CMB) and large scale structure (LSS) show that the spectrum of the curvature perturbations on large scales 1 Mpc ∼ 10 3 Mpc is nearly scale invariant and its amplitude is small [20] [21] [22] [23] , the large perturbations on small scales responsible for PBHs can hardly produced in simple single-field inflation models and may require a different mechanism, for example, multi-fields inflation [24] , double-inflation [25] , curvaton dynamics [26, 27] and other mechanisms [28, 29] .
In this paper we investigate an axion-like curvaton model [27, 30, 31] with an inflaton-coupling term. In the previous model [27] , the complex scalar field has a large field value initially and the field value (more precisely the value of the radial direction) decreases during inflation. Since the amplitude of the fluctuations of the curavton (= the phase direction of Φ) is proportional to 1/|Φ|, a blue tilted spectrum is produced. Here we introduce a coupling between Φ and the inflaton which stabilizes the Φ at Φ 0 for a large inflaton value. When the scalar Φ is stabilized, the fluctuations of the curvaton decrease, which gives a blue-tilted spectrum on large scales. After the inflaton field value becomes some critical value, the stabilization due to the inflaton does not work and Φ rolls down to the true minimum. Thus, contrary to the model in [27] , the field value of Φ increases during inflation, which realizes a red-tilted spectrum of the curvaton fluctuations on smaller scales. We consider the PBH production scenarios in two PBH mass cases, (1) DM PBHs with 10 −13 M ∼ 10 −11 M and (2)LIGO PBH with 30M , and examine the axion-like curvaton model can explain DM PBHs or LIGO PBHs without conflicting with current observational constraints. In estimating the PBH abundance we take into account the effect of non-Gaussianity of the curvaton perturbations and ambiguity about the choice of the window functions.
In Sec. II, we explain the axion-like curvaton model with an inflaton-coupling term and derive the formula of the perturbation spectrum analytically. In Sec. III, we review formulas about PBH formation including non-Gaussianity. In Sec. IV, we summarize the evaluation of the secondary GWs in our calculation. In Sec. V, we show the results of the numerical calculation for the power spectrum of the density perturbation, the secondary GWs and the mass spectrum of PBHs. Sec. VI is our conclusion.
II. CURVATON MODEL
Here we describe our curvaton model. We introduce a complex scalar field Φ whose phase direction plays a role of the curvaton. The complex scalar Φ has a Higgs-like potential, a coupling with an inflaton field φ and a linear term as
where λ and g are coupling constants, v / 2 is the vacuum expectation value after inflation, and we assume that the last term is small (ε 1). We assume that the inflaton field value decreases during inflation. Then in the early stage of inflation (φ (λ/g ) 1/2 v ), the coupling term with the inflaton fixes Φ near the origin. In the late stage, the inflaton field value φ becomes smaller and Φ starts to roll down the Higgs-like potential. If Φ rolls down from the exact origin, quantum fluctuation of Φ given by H /(2π) ( H : Hubble parameter) affects its dynamics and hence the evolution of Φ does not follow the classical equation of motion.
In such a case we should use the stochastic formalism for the complex scalar dynamics [32] . To avoid this complexity, we add the small linear term −v 3 ε(Φ + Φ * ) to the potential. The linear term slightly shifts the stabilized field value of Φ as Φ ∼ εv /λ which is assumed to be a few Hubble away from the origin. Then the scalar Φ rolls down the potential quickly and the classical dynamics dominate the quantum fluctuations. Moreover, the small shift term also avoids the cosmic string problem.
Suppose that the scalar Φ rolls down the Higgs-like potential at t pbh . Here the subscript "pbh" means the horizon crossing of the perturbation with the PBH scale k pbh 10 5 Mpc −1 (LIGO-PBH) and 10 12 Mpc −1 (DM-PBH) during inflation. The effective mass of Φ is given by
(2)
where N is e-foldings defined by N(t ) = ln (a (t end )/a (t)). Thus, for the perturbation ofσ with k < k pbh , the power spectrum is blue-tilted σ (and hence θ ) ∝ k 3 . On the other hands, since ϕ 0 (t ) grows exponentially with time for t t pbh (See Fig.1 ), θ (k , t k ) is sharply red-tilted at k > k pbh . As for the radial direction, ϕ mostly has large positive mass m ϕ [|Φ| , φ] compared to Hubble parameter during inflation. Thus, ϕ is highly suppressed and negligibly small. After inflation, only the angular perturbation is left.
We assume thatσ obtains the axion-like potential through some non-perturbative effect as
with m σ = Λ 2 /v and the misalignment angle θ i . 2 After ϕ 0 → v , we define the curvaton as
with δθ = θ − θ i . The density perturbation of the curvaton is given by
Now let us calculate the curvature perturbations ζ. The density perturbation contains both contributions from the inflaton and the curvaton . With the energy ratio of the curvaton to the inflaton r = ρ σ /ρ I , the curvature perturbation is given by
where we useρ I = −4H ρ I andρ σ = −3H ρ σ . From Eq. (7)- (11), neglecting the contribution from the inflaton, the curvature perturbation is finally given by
We are interested in the curvature perturbation after the curvaton decay into the radiation. Although r is small during inflation, r grows after inflation since the curvaton behaves as matter-like ρ σ ∝ a −3 until the curvaton decay. In the following, r denotes the ratio at the curvaton decay. We make a list of typical parametrization in Table I and Eq. (33) . With r ∼ (0.1), we take the curvaton decay temperature T σ ∼ 10 7 GeV (See the detailed discussion in Appendix B).
III. PBH PRODUCTION
In our model, the PBH production occurs during the radiation-dominated era. We briefly summarize the useful formulas to calculate PBH mass distribution. In the radiation-dominated era, over-density regions collapse into black holes when the scale of density fluctuations re-enters the horizon. Thus, the PBH mass is roughly given by the horizon mass at that time and is related to the scale of the perturbation k or the formation temperature T as [25] 
where ρ r is the radiation energy density and γ is the ratio of PBH mass to the horizon mass. We use the simple analytical estimation γ = 3
0.2 [15] in this paper. The power spectrum of the curvature perturbations ζ determines the PBH production rate. At first, we assume the curvature perturbations follow the Gaussian statistics. We will take non-Gaussianity into account later. PBH production depends on the coarse-grained density perturbation over the Horizon. The density perturbation in comoving gauge is related to the curvature perturbation as δ = (4/9)(k /a H ) 2 ζ. Once the coarse-grained density perturbation exceeds the threshold value δ c , the horizon mass collapses into black holes. In this paper, we take the threshold as δ c = 0.4 [33] . The coarse-grained density perturbation is given by
and its correlation function is
whereW (k ; R ) is a window function in momentum space and T k , η is the transfer function. Since we assume that the curvaton has already decayed into the radiation before the PBH production, we use the transfer function in the radiationdominated era,
Note that the choice of the window function causes (1) uncertainties on 〈δ 
Once 〈δ 2 W 〉 is given, one can estimate the PBH production rate as
Our calculation of β(M ) is based on the conventional Press-Schechter formalism. Recently, detailed calculations are discussed based on the peak theory [35, 36] . The mass spectrum of PBH is given by [25] 
Here the subscription "m" denotes the matter (baryon+DM). With use of f (M ), the total fraction of DM in PBH is rewritten as
It is known that Ω PBH /Ω DM 10 −3 explains the event rate of the binary black hole mergers observed by the LIGO [10] . Note that the above-mentioned PBH production mechanism has some uncertainties on γ, δ c and the choice of window functions. In this paper, we choose the conservative values for γ and δ c .
So far we have assumed that the curvature perturbations are Gaussian. Now we take into account the effect of nonGaussianity. In fact, it is known that the curvaton produces significant non-Gaussianity in curvature perturbations. Here we briefly summarize our treatment of the non-Gaussianity in this paper based on [37, 38] .
Non-Gaussian distribution with the local type bispectrum can be written as
where ζ g (x ) follows a Gaussian distribution. In curvaton models, the non-Gaussianity parameter f NL is determined by the ratio r of the curavton density to radiation density at the curvaton decay and is written as
There is one difficulty in considering the non-Gaussian effect. The f NL is defined in the curvature perturbation ζ while the PBH formation is calculated by the coarse-grained comoving density perturbation. Here we recalculate β (M ) using ζ at the horizon crossing and estimate the non-Gaussian effect. Non-Gaussianity modifies our discussion in two points. First, non-Gaussianity could increase the PBH fraction β(M ) by amplifying the probability at δ δ c of the distribution function. Using Eq. (21) . The PBH fraction including nonGaussianity β 〈ζ
where the y c ± is given by
Here the critical curvature ζ c depends on the critical density δ c = 0.4 and the choice of window functions. We approximately use the Eq. (17) as the relation between ζ c and δ c :
Since the curvature perturbation with k at the peak of the power spectrum dominantly contributes to the PBH production, we approximate 〈ζ 2 g 〉 as the peak value ζ g k pbh . For a given PBH fraction β c , f N L effectively lowers the required curvature
The second effect of non-Gaussianity is that the power spectrum obtains an additional contribution from the second term in Eq. (21), which is written as
We define the amplification factor of the power spectrum at the peak value as
In the following calculation, we include the effect of non-Gaussianity on both the PBH production and perturbations.
IV. CONSTRAINTS OF THE SECONDARY GRAVITATIONAL WAVE
The large curvature perturbations produce the secondary GWs [39] [40] [41] [42] [43] [44] . This fact should be taken into account when we discuss models of inflationary PBHs since such GWs are severely constrained by the Pulsar Timing Array (PTA) experiments as mentioned later (see Fig. 5 ) [31, [45] [46] [47] . We calculate the differential density parameter of the produced GWs. The GWs are mainly produced when the peak wavelength of the curvature perturbation spectrum re-enters the horizon in the radiation-dominated era. After production, the GW energy density decreases by the cosmic expansion, and at present the density parameter of the produced GWs is given by [34] 
where η c is some time when the secondary GW generation effectively finishes and the GWs behave as radiation ρ G W ∝ a −4 for η > η c . Here g c is the degrees of freedom of the radiation at η c . In our case, we assume g c = 10.75 for LIGO-PBHs and g c = 106.75 for DM-PBHs, respectively. Ω G W η c , k is calculated using the power spectrum of the curvature perturbations
where 〈..〉 means the time average over η c , T η, k is the transfer function of the radiation and g k is the Green function. T η, k and g k are given by
f k 1 , k 2 , η is written as
Considiring the non-Gaussianity, we multiply the factor (26) and Eq. (28)] to the Ω G W .
V. RESULTS

A. Classical dynamics of the complex scalar
During inflation, Φ 0 = ϕ 0 / 2 obeys the equation of motion Eq.(A5). We numerically solve it and obtain the classical dynamics for parameters which are appropriate for PBH-DMs and LIGO-PBHs. As for the inflation model, for simplicity, we adopt the chaotic inflation with potential V inf = m . We take the initial inflaton value φ i n = 15.6M p l which achieves the e-foldings N > 55. We take the typical parameter for PBH-DM and LIGO-PBH as
and we slightly change the parameter v L I G O for each window selection on LIGO-PBH since the different window function produces PBHs with different masses. We show the results in Fig.1 . In the early stage of inflation, Φ 0 is fixed near the origin due to the inflaton-coupling g φ 2 |Φ| 2 . After the perturbation with the PBH scale crosses the horizon, the effectve mass near the origin becomes tachyonic and Φ 0 rolls down the Higgs-like potential. Since we introduce U (1) symmetry breaking linear term −v 3 ε(Φ + Φ * ), the complex scalar field rolls down to arg(Φ) = 0 direction. The red lines in Fig.1 show the minimum of the potential. At t pbh , the potential minimum shifts toward v . At that moment, Φ 0 still stays near the origin. Due to the small linear term, Φ 0 has nonzero value and the field value grows quickly to follow the potential. When Φ 0 catches up with the potential minimum, Φ 0 oscillates around the minimum. In Fig.1 , the oscillating behavior around the potential minimum is seen at log(a /a end ) −30 for LIGO-PBH and −16 for DM-PBH. Finally, the inflation-coupling vanishes and the potential minimum becomes v .
We also check the consistency of the calculation. In the previous calculation, we assumed that the quantum fluctuations do not disturb the classical dynamics, which is justified if
when Φ 0 starts to roll down. We numerically confirm that 2π|Φ 0 | /H > 3 and 2π Φ 0 /H 2 > 2 at the time m 2 ϕ = 0. In our numerical calculation, we include the energy density of the complex scalar Eq.(1) into the total energy density of the universe during inflation. During inflation, the complex scalar slightly affects the inflation dynamics. The energy ratio of the complex scalar to the inflaton has the maximum value (17%) at t pbh but decreases quickly as the complex scalar rolls down the Higgs-like potential.
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B. The perturbation of the curvaton
To explain how our model produces the sharp peak in the power spectrum, we plot the angular perturbation δθ k at the horizon-crossing time t k and t end as a function of k in Fig.2 for the LIGO-PBHs with delta-function window. Here δθ k (t end ) is written as
In Fig.2 it is seen that the shape of δθ k (t k ) (solid line) mainly follows ∝ |Φ 0 | −1 in Fig.1 . Using the damping factor R k k /k pbh 3 2 in Eq. (7), we get the damped angular perturbation (dotted line). Since the damping effect mainly works for t < t pbh , the small-scale perturbations with k > k pbh do not suffer from the damping effect.
C. Power spectrum of the curvature perturbations and PBH production
In order to calculate the PBH mass spectrum, we should fix two more parameters, the curvaton energy ratio r and the misalignment angle θ i , which affect the curvature spectrum as ζ ∝ (2r /(4 + 3r )) 2 θ −2 i . We determine r and θ i in the following way. For the given PBH density Ω PBH /Ω DM = 1 (DM-PBH) or Ω PBH /Ω DM = 10 −3 (LIGO-PBH), we search the allowed parameter region of r and θ i to achieve the required Ω PBH /Ω DM . We list the typical values of r and θ i for each window function in Table I . The different window functions require the different values of ζ to produce enough amount of PBHs. As in Eq. (17), the Gaussian window function requires the largest ζ to produce a sufficient number of PBHs and the top-hat window function requires the smallest.
For fixed ϕ 0 (t ), r and θ i , we calculate the power spectrum of the curvature perturbations ζ (k ) [Eq. (12) ] which is shown in Fig.3 . We plot ζ (k ) for the three window functions: Gaussian window (red lines), delta-function window (black lines) and top-hat window (blue lines). We compare the results with/without non-Gaussianity effect (solid lines/dotted lines). Since we fix the PBH fraction, the non-Gaussianity effectively lowers the required ζ as explained in Eq. (26) .
The power spectrum of the curvature perturbations is constrained by CMB µ-distortion [48] [49] [50] and big bang nucleosynthesis(BBN) [51] [52] [53] . The curvature perturbations on small scales dissipate through the Silk damping into the radiation. Such energy transfer distorts the spectrum of the CMB (µ-distortion). When the large curvature perturbations re-enter the horizon during BBN, they modifies the freeze-out value of the neutron-proton ratio. This modification is constrained We list the required values of (r, θ i ) to produce enough amount of PBHs for each set of curvaton parameters in Eq.(33). We estimated them for the three window functions including the effect of non-Gaussianity.
by the observed 4 He abundance [54] . In Fig.3 it is shown that our model avoids those constraints on ζ (k ). This is because our model produces the steep spectrum of ζ (k ) on the small scales by the positive effective mass as can be seen in Eq.(7).
Next we discuss the the PBH mass spectrum f (M ). The PBH mass spectra in our model are shown in Fig.4 for the deltafunction (black lines) and top-hat (blue lines) window functions. Since we fix the PBH mass density, the mass spectrum depends only on the choice of the window function, which mainly changes the peak width and the peak mass of each distribution.
The PBH distribution is severely constrained by mainly two types of observations.
• For PBHs with 10 −10 −10M , microlensing observations put the severe constraints. A massive compact object works as a gravitational lens and amplifies the brightness of the background stars on the line of sight (microlensing). Subaru/HSC surveyed the Andromeda galaxy (M31) [19] and MACHO/EROS/OGLE surveyed the Large and Small Magellanic Cloud [16] [17] [18] and put the constraints on the abundance of the massive compact objects with monochromatic mass. They have excluded the DM-PBH scenario in the wide mass range (10 −10 − 10)M . The Subaru/HSC observation [19] obtained the constraint for smaller mass than 10 −10 M . However, as the authors in [19] mentioned, the constraint would become much weaker since the observational wavelength is comparable to the Schwarzschild radius of the lensing objects (wave effect) [25, [55] [56] [57] . Thus, we denotes the Subaru constraint for mass less than 10 −10 M by the dotted line in Fig.4 .
• For large mass PBH > 10 2 M , constraints are given by the mass accretion process onto PBHs. In the early universe, the gas accretion injects energy into CMB, which affects the CMB anisotropies and leads to the constraint [58] . Freelyfloating black holes in the interstellar medium are constrained by the X-ray emission from its accretion gas [59] .
• Other constraints: For PBHs with smaller mass than 10 −13 M , the observation of white dwarfs gives a constraint. When PBHs collide with white dwarfs, they heat them by the dynamical friction and cause explosion [60] . Although the PBH mass spectrum f (M ) has been already severely constrained, our model avoids these constraints by the sharp peak spectrum. For extended mass functions like our case, it is nontrivial to compare them with the observational constraints which are derived assuming monochromatic mass functions. We have confirmed that the PBH mass spectrum in Fig.4 avoids constraints using the treatment in [61, 62] .
D. Secondary gravitational wave
We estimate the density of the secondary gravitational waves Ω G W by numerically integrating Eq. (30) . In estimating Ω G W we assume that the curvaton has already decayed when the peak wavelength of the density perturbation spectrum re-enters the horizon. For the typical parameters, the curvaton decays at T σ 10 7 GeV and DM-PBHs are produced at 10 5 GeV and LIGO-PBHs at 50 MeV. 3 Pulsar Timing Array (PTA) experiments put severe constraints on stochastic GWs [63] [64] [65] with wavenumber around 10 6 Mpc −1 which is also shown in Fig.5 . Our model for LIGO-PBHs avoids the current PTA constraints because the spectrum has a sharp peak. The future experiments can detect the GWs predicted by the curvaton model. For example, the Square Kilometer Array (SKA) would improve the sensitivity of stochastic GWs around 10 6 Mpc −1 [66, 67] . For the stochastic GWs around 10 12 Mpc −1 , eLISA/LISA would put the constraints for DM-PBH scenario [67] .
E. Constraint from curvaton perturbations
Although the smaller θ i enhances ζ ∝ θ i −2 , θ i is constrained from below by the condition that the energy perturbation should not be larger than the mean value, i.e., δρ σ /ρ σ < 1. From Eq.(10) the condition can be rewritten as
3 The curvature perturbations due to the curvaton before the decay requires the different treatment for calculating the Ω G W . Including the constribution before the curvaton decay, Ω G W of the DM-PBH could slightly change the spectrum shape but the typical value of Ω G W would not change. M and LIGO-DM around 30M for the delta-function window (black lines) and top-hat window function (blue lines).The region labeled "WD" shows the constraint from the white dwarfs [60] . The regions labeled "Subaru/HSC" [19] and "MACHO/EROS/OGLE" [16] [17] [18] are constraints from microlensing experiments (the dotted line shows the the constraint without "wave effect" [25, [55] [56] [57] ). "(a)" and "(b)" are the constraints from the accretion effect on CMB depending on different assumptions [58] . "(c)" is the constraint by the X-ray emission from accretion gas around PBHs [59] .
In this paper, we assume that the PBH production during the radiation-dominated era and r < 1, which leads
The condition Eq.(36) does not hold in Gaussian window function case, which requires the large ζ to produce the enough amount of PBHs. In Fig.3 , we can see that ζ obtained by adopting delta-function and top-hat window functions avoids the constraint Eq.(36) with/without non-Gaussianity.
VI. CONCLUSION
In this paper, we have studied the PBH formation in the axion-like curvaton model [27] . We have modified the original model by introducing a coupling with an inflaton field, which leads to a sharp peak in the power spectrum of the curvature perturbations. The coupling with inflaton also enables us to choose the mass scale of produced PBHs without tuning of initial field value or the curvaton decay rate. We have also evaluated the non-Gaussianity effect of the curvaton and uncertainty from the choice of the window functions. It has been found that our model produces enough amount of PBHs as LIGO events (30M ) and DM (10 −12 M ).
Furthermore, our calculation has shown that our model is consistent with the current constraints on the curvature perturbation ζ (k ) [see, Fig.3 Power spectrum of secondary gravtitaitonal wave T σ should be larger than several MeV because otherwise the curvaton decay spoils the success of BBN. We also require that the curvaton decays before the PBH formation, T σ > 10 5 GeV(PBH-DM) and T σ > 30 MeV(LIGO-PBH) in Eq. (13) . Note that in our typical parametrization, v 2 θ 2 /(6M 2 p l ) ∼ 10 −6 for both PBH-DM and LIGO-PBH cases. Thus, r = (0.1) in Table I requires the 
